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Generalized Z-Domain Absorbing Boundary
Conditions for the Analysis of Electromagnetic
Problems With Finite-Difference
Time-Domain Method

Zhenhai Shao, Wei Hong, Member, |EEE, and Jianyi Zhou

Abstract—In this paper, a generalized absorbing boundary
condition (Z-ABCs) is constructed in the Z-transform domain.
Based on Z-ABCs, some well-known ABCs, such as the Mur’s
ABC, the dispersive boundary condition, Zhao and Litva’s ABC,
Liao’'s ABC, etc. can be easily deduced. Besides, it can also result
in some new ABCs. Recurrence formulas for the coefficients of
Z-ABCsarepresented, and the stability and numerical dispersive
characteristics are discussed in detail. In order to validate the
Z-ABCs, the finite-difference time-domain method is applied
to the analysis of transmission lines, integrated filters, patch
antennas, and scattering problems.

Index Terms—Absorbing boundary condition (ABC),
electromagnetic, finite-difference time-domain (FDTD) method,
numerical dispersive, stability, Z-transform.

I. INTRODUCTION

HE finite-difference time-domain (FDTD) [1] method is

afull-wave approach for the analysis of complex electro-
magnetic problems such as integrated transmission lines, dis-
continuities, scattering of complex objects and antennas, etc.
The vast majority of problems to which the FDTD method is
applied involve open structuresthat require the use of absorbing
boundary conditions (ABCs) to correctly terminate the compu-
tational domain.

Over the last decades, several kinds of ABCs have been pro-
posed. Generally, there are two ways to construct the ABCs.
One is the employment of nonphysical absorbing media, such
as the perfect matched layer (PML) [2], which can absorb the
wide-angle scattered wave perfectly, but it needs extra com-
puter memory. Another isthe usage of outgoing wave equations,
such as Mur's ABCs [3], the dispersive boundary conditions
(DBCs) [4] and other absorbing conditions presented by Liao
et al. [5], Lindman [6], Zhao and Litva[7], Zhou and Hong [8],
etc. These are substantially simple and do not require extracom-
puter memory.

From [3]-{8], we can find most of those existing outgoing
waves ABCsareconstructedin different ways. In thispaper, we
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proposeaunified ABC (Z-ABCs) based onthe Z-domain trans-
formation. By choosing different polynomic approximations of
Z-ABCs, two groups of generalized ABCs and their coeffi-
cientscan beobtained. Based on the Z-ABCs, somewell-known
ABCs, such as the Mur's ABC, the DBC, Zhao and Litva's
ABC, and Liao’s ABC can be easily deduced. Finaly, in order
to validate our conclusions of the stability and numerical dis-
persive characteristics and show the efficiency of the Z-ABCs
numericaly, Z-ABCs combined with the FDTD method are
applied to the analysis of transmission lines, integrated filters,
patch antennas, and scattering problems.

Thispaper isorganized asfollows. In Section |1, the Z-ABCs
based on the Z-domain transformation are introduced. Recur-
rence formulas of two groups of Z-ABCs are proposed in Sec-
tion 1. In Section 1V, some existing ABCs are obtained from
Z-ABCs. The stability and numerical dispersive characteristics
of Z-ABCsaregivenin SectionsV and VI, respectively. Finally,
some examples are analyzed using Z-ABCs.

II. UNIFIED Z-TRANSFORM DOMAIN ABC

In the Z-transform domain, we assume that the scattered
wave propagates along the —z-direction with the phase ve-
locity v and the truncated boundary is set at + = 0. The
relationship between the boundary field Ey(z) and interior
filds Er(z), k=1, 2, ..., pisexpressed as[8]

Eo(2) =Y ha(2)Ex(2) 1)
k=1

where hy(z) is the transfer function and p is the order of the
ABC.

According to the radiation condition or the transmission con-
dition, By, k=0, 1, ..., p— 1 must satisfy

Ey(z) = 27" Epqa(2) )

where s = Az /vAt and Az, At are the space and time incre-
ments, respectively. To absorb the scattered wave with different
incident anglesin awide frequency band or propagation wavein
adifferent dielectric layer, which will produce different veloc-
ities, p different velocitiesv;, ¢ = 1, 2, ..., p are considered.
Accordingtow;, ¢ = 1,2, ..., pand s = Ax/vAt, thereis
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aset {s;}_,. In[8], recurrence formulas for the transfer func-
tions (2 )weredenved Here, amore simple and compact ex-
pression for the transfer function h(2) is derived as

= (DR YT (dgddy) ()
1<ky, o kg <p
kyk g, 1<4, j<k

wherek =1, ..., p,d =277, dy, dy, - dy, isthe product of

diys diys - .-, di, and sy, isan element of theset {s; }}_;

In practice, the phase velocity v is determined by the inci-
dence angle 8 of a scattered wave or the effective dielectric
constant e of the transmission lines, i.e., v = wvg/ cos(8) or
v = vo/+/Eet, Where vy denotesthelight velocity of free space.

If al factors s; = 1, the transfer function h(z) in (3) may
be reduced to

hy =(-1

where C} = p!/((p — k)Ik!).
By substituting (4) into (1), aspecial ABC inthe Z-transform
domain can be obtained as follows:
N
Eo =Y (- Oz E(x + kvAt).
k=1
Itsinverse Z-transformisjust Liao’'s ABC [5].
Normally, the factor s in the transfer function is not an in-
teger. This meansthat the time delay of a spaceincrement is not
an integer time of the timeincrement, thus, the transfer function
cannot be changed into differential schemesdirectly. Inpractical
applications, proper simplification is necessary. Two typical ap-
proximations are shownin (6) and (7) at the bottom of this page.
By applying (6) and (7) to (3) and (1) and using an inverse
Z-transform, two groups of ABCs can be obtained in the time
domain.

yrer Lk, E=1,...,p (4)

©)

I1l. RECURRENCE FORMULAS FOR THE COEFFICIENTS OF THE

ABCsIN TIME DOMAIN

In order to use the ABCs of pth-order constructed from (6) or
(7), the coefficients of these ABCs must be given. Here, recur-
rence formulas for the coefficients are derived corresponding to
(6) and (7), respectively.

The ABCs of pth order in the time domain constructed from
(6) can be expressed as

P . P P .
D ChET =) CF B
j=0

k=1 j=0

(8)

83

Let
a; =a— (1—F)s;, t=1,...,p ©)
bi=1—(a—(1-p)s;), i=1,....,p (10)
G =a+ s, i=1,...,p (11)
di=1—(a+ps), i=1...,p (12)

Recurrence formulas for the coefficients of (8) can then be de-
rived as

C§h =hr (13)
= (14)
) =d, (15)
o = (16)
ey =y, @)
o) =C Nay+ 8 b, i=1...p—1 (18)
Gty =Cy 2y (19)
Oy =7V, + CIT, @)
O =CF ey + CFVdy + O ay + CF Vb,
1<j<p (21)
CF) =Ci e + O Ny (22)
oy =0 Ve, — o Nd,,  k=2,....p—-1 (23

1 1 1 1
Cl(@pz = Clgf)jfial’ + C;if)j )br - Clgpfl,zflcp - 01811,3' dp,

2<k<p 1<j<p (24)

C’,i{’) Clspp 1?1 Cz(f) 1127 1%p; 2<k<p (25)

Corb ==Cyalo o (26)

P =Y o, -C¥Nd,  1<i<p  (20)

op) =-ch e (28)

The ABCsof pth order constructed from (7) can be expressed
as

2p p 2p

where E7 standsfor the field value at the kth node and nth time Z Cr L ENT = Z Z cr, EM, (29)

step nAt. =0 i=ti=0
e (2—1)a+,@s N 1+ (a+p8s) (7 ) ©)

(=) T T [a- (1= B)s] (= - 1)
L—a—fs + (a+Ps) ( +(a+Bs—1)(z~ )2/2>

z0 = y—at+(1—08)s ~ [Oé _ (1 _ /3)8 _ 1]( 1)2 (7)

1+ [a—(1 - B) ]<(7 1)+ 5 )
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Let
a; =1 —(a+fBs)+ (a+Bs)(a+Bs—1)/2 (30)
by = (o + Bs) — (a + Ps)(a+ Bs — 1) (31)
¢; =(a+ PBs)(a+ fs —1)/2 (32)
di=1-[a—(1-7)s] {1—%} (33)
e =[a— (1= B)s){1-[a-(1-Ps-1]} (34)
fi=la=(1=p)s][a—(1-pB)s—1]/2 (35)

wherei =1, ..., p.
The recurrence formulas for the coefficients ij ; 0f (29) can
then be derived as

Cp.o=d1 (36)
Chi=e (37)
Ci2 =N (38)
Clo=m (39)
Cii=b (40)
Cly=cr (42)
Cy=CyVdy,  p>1 (42)
CoF} = O3 fp + Ol en + CF 7 dy,
i=1,...,2p—1,p>1 (43)
Co'tp = ol atpy o (44)

o) =CF N fp + CF ey + OV dy + CF e
+ Cé{);—ll)bp + Cé?;l)ap
1=0,...,2p—1; p>1

) _ ~Alp-1) (p—1)
Cilop = 01?2(p71)fp + 00?2(%1)%7

(45)
p>1 (46)

—1 -1 —1 -1
szpz = Clspz—gfp + Clg)i—iep + Cz(f)z )dp - ngp_l,z_ch

-1 -1
- 012{1,271517 - C;E’ll,zapv
k=2 ...,p—1;, i=0,...,2p—1 (47)

» _ -1 (r—1)
Ck],)Qp = Ck{)Q(p—nfp - Ckp—l, 2(p—1)p>
k=2,...,p—1 (48)
o) =—c® Na, (49)
-1 -1 ~1
CI(JPZ = _01(;111,2—2617 - 01(;111,2—1617 - C;(;]il,zap
i=1,...,2p—1 (50)
-1
Or()p%p = _O]()p—l,)Q(p—l)CP' (52)

Using these two groups of recurrence formulas, the ABCs of
pth order constructed from (6) and (7) are then deduced as (8)
and (29), respectively.

TABLE |
SOME EXISTING ABCs, WHICH CAN BE DEDUCED FROM (6)
« B Iz ABCs
0 0 21 the ABC by Zhao and Litva [7]
0 1 =1 the ABC by Zhou and Hong (8]
0.5 0.5 1 1st order Mur’s ABC [3]
05 05 2 DBC [4]

IV. DERIVATION OF SOME EXISTING ABCs

We can easily deduce some existing ABCs by choosing dif-
ferent parameters «, /3, and p in (6) and substituting them into
(8). Table | shows some specia cases.

V. STABILITY ANALYSIS

It is known that some ABCs are not stable in some special
cases. Thus, we must investigate the stability and numeric dis-
persibility of the ABCs. Here, the stability of the ABCs con-
structed from (6) is investigated based on the Von Neumann
(Fourier series) method.

Thefirst-order ABC constructed from (6) can be written as

[1+s—(a+Bs)E} + [(a+8s)—s|Ey~"

= [1 —(a+ /33)]E? +(a+Bs)ErL. (52
Considering the solution of the following type:
E*(2;) = VF(Delo™ (53)

where j = =T, 0 = 27l (I =
Vv /Vn—l = @G, then (52) is reduced to

scos<0'§a:> +j[2(a + Bs) — 5] sin<$>
SCOS<0A””) {21 = (a4 89)] + 5} m("ﬁﬂz
and (54)

|GJ?

+1, +2, ...). Let

G:

- s?4 [4(a+Bs)?+4+4s— (a+Ps)(8+4s)] sin® <a_§x> '

(55)

If the difference scheme of (52) is stable, there must exist ¢
and so such that the following inequation is valid:

|G(o, 8)] < 1+ cs, 0 < s< so. (56)

For (52), therefore, the following unconditional stable condi-
tion is derived:

a+pfs<(1+s)/2 (57)
and the conditional stable condition is derived as follows:
a+fs=(1+s)/2. (58)

It must be pointed out that unconditional stability occurs
when condition (57) is chosen, the ABC (52) is aways stable
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without other conditions; condition stable denotes that, al-
though (58) is satisfied, the ABC (52) may diverge in some
special conditions.

Asshownin Section 1V, the ABCspresented by Mur [3], Zhao
and Litva[7], Zhou and Hong [8], and the DBC [4], etc. can be
deduced from (6); thus, the conclusions above are valid for these
well-known ABCs.

It can be shown that the stability conditions of (57) and (58)
can also ensure the stability of the higher order ABCs derived
from (6).

Since the ABCs derived from (7) are a higher approximation
than the ABCs derived from (6), conditions (57) and (58) can
also ensure the stability of ABCs derived from (7) according to
the following detailed examples.

V1. NUMERIC DISPERSIVE CHARACTERISTIC ANALYSIS

When a Gaussian pulse travels on a microstrip-like transmis-
sion line, the velocities of fields are different for different fre-
guencies due to the dispersion property. Here, we will analyze
the numeric dispersion property of ABC (52).

In three-dimensional (3-D) space, a homochromous plane
wave can be written as

E™(I, J, K) = Eyed (ke 180 =k, J Ay—k: KAztwnAt) (59)
Rewriting (52) as
{1 — o= (1=p)s] }E"(I =0, J, K)
+ [a—(1=pB)s|E"' (I =0, J, K)
=[1-(a+pBs)|E"(I+1=1,J K)
+(a+Bs)E I +1=1,J, K) (60)
and substituting (59) into (60) yields
B2 gin(ky, Ax/2) — seTi k=R 2 gin(wAL/2)
—2j(a+ f3s) sin(wAt/2) sin(k,Az/2) = 0. (61)

Dividing (61) into a real part and imaginary part, the fol-
lowing two equations can be derived:

<wAt> ) <k$Ax> <k$Ax> ) <wAt>
cos sin — scos| —— |} sin =0
2 2 2 2

(62)
and
sin(wAt/2) sin(k, Az/2)[1+ s — 2(a+ 3s)] = 0. (63)
If
s=Az/(vAt) =1 (64)
then (62) can be rewritten as
sin(wAt/2 — kyAz/2) = 0. (65)
Hence,
w = kyv. (66)
Since the perfect dispersive condition is
w’fv* =k 4k + k2 (67)
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z

Fig. 1.  Structure of a microstrip.

there is no numeric dispersion in z-direction as s =
Az/(vAt) = L

Inour 3-D FDTD method, we alwayslet Az /(voAt) = 2. 1n
scattering problems, since v = vg/ cos(8), 8 = 60° is satisfied
with a numeric dispersion condition and, in microstrip prob-
lems, since v = vo/+/€eqt @Nd e > 1, it is not possible to
satisfy numeric dispersion conditions.

From (63), the following relation can be obtained:

a+fs=(1+s)/2. (68)

Thus, when « and 3 satisfy condition (68), numeric disper-
sion of Z-ABCs (8) is minimum. However, condition (68) is
conditional stable, so it cannot be said that condition (68) is
stable and has minimum numeric dispersion.

Since the ABCs derived from (7) are a higher approxima-
tion than the ABCs derived from (6), the dispersive condition
of ABCs derived from (6) can also be applied to ABCs derived
from (7) according to the following detailed examples.

VI1I. APPLICATIONS

In order to assess their efficiency, Z-ABCs (8) and (29) are
appliedtotheanalysisof microstrip transmission lines, low-pass
and bandpassfilters, patch antennas, and scattering problems. In
the following examples, all metals are perfect conductors.

A. Microstrip Transmission Lines

AsshowninFig. 1, thethicknessand diel ectric constant of the
microstrip substrate are 0.1 and 13 mm, respectively, the width
of the metal strip is 0.15 mm, the mesh spacesare Az = Ay =
Az = Ah = 0.0125 mm, and the number of nodes (see Fig. 1)
aeny =11, no =40, m; = 8, mo = 6, and ns = 119. Here,
only half of the structure is considered due to the symmetry.
The microstrip is excited by a Gaussian pulse at the center of
the cross section under the strip and only the £, component is
assumed as

E; = exp [—(t — to)*/T7] (69)
where ty = 164A¢ and 7" = 42A¢. Along the z-direction, the
incidence port is 20 meshes away from the front truncation, and
the reference port is 40 meshes away from the front truncation.
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Fig. 2. Comparison of the vertical electric fields with respect to ABCs (8) and
(29), where « = 0.25 and 8 = 0.25.

= 1.0 4 B Emperical formula
s ABC (8)
5 ABC (29)
O 1054
L2 »
kS|
@ L}
2 10,0+
a .
E >
E 9.5 ’l/
i /
N

80—y
20 40 60 8 100 120 140 160 180 200
Frequency/GHz

Fig. 3. Comparison of the effective dielectric constants with respect to ABCs
(8) and (29), where o = 0.25 and 3 = 0.25.

Along the z-direction, ABC (8) or (29) of the second order are
used, in which v; = v/v/9, va = vo/+/11. Along the z- and
y-directions, ABC (8) or (29) of thefirst order areused, inwhich
v = vp/v/9.12/ cos 8, where § = 30° or 0°, corresponding to
the z- or y-direction, respectively, where 9, 11, and 9.12 are
the experiential effective dielectric constant. Normally, they are
chosen in the neighbor of the effective dielectric constant of
central work frequency. The vertical electric field at the central
point under the strip in the excitation plane is sampled.

The vertical electric field and effective dielectric constant are
shown in Figs. 2 and 3, respectively. It can be seen that the ver-
tical electric field reflected from boundaries using ABC (29) is
reduced over 30% compared with the results using ABC (8),
and the effective dielectric constant with respect to ABC (29) is
better than that by using ABC (8). Thereflection reduction rates
for different parameters «, 3 are shown in Table ll.

Fig. 4 showsthe vertical electric field with ABC (8) and o« =
0.15 and 3 = 0.85. It can be seen that the field diverges. In fact,
if « = 0.15and 8 = 0.85, they do not satisfy conditions (57)
and (58). In other words, conditions (57) and (58) theoretically
are numericaly verified to be true.

B. Low-Pass and Bandpass Filters

A microstrip low-pass filter is shown in Fig. 5. The mesh
spaces used here are Az = 0.4064 mm, Ay = 0.265 mm,

TABLE I
REFLECTION REDUCTION RATE OF FIELD E, USING ABC (29)
CoMPARED WITH THAT USING ABC (8) CORRESPONDING TO DIFFERENT
PARAMETERS «, 3

a p Reflection Reduction Rate
0.5 0.5 10%-17%
0.25 0.25 15%~55%

1 0 34%~56%
0.75 0.25 15%~35%

0 0 40%~60%

35 |

a=0.15,3=0.85,6=0
2 \
|
: |

T T T T T T
-200 0 200 400 600 800 1000 1200

Time Step

Fig.4. Vertical electricfield at the center of the excitation plane under the strip
with ABC (8) for & = 0.15 and 5 = 0.85.

Fig. 5. Configuration of a microstrip low-pass filter.

and Az = 0.4233 mm, and the total number of nodes is
80 x 16 x 130. The meshes on the long rectangular patch are
50Ax x 6Az. The distance from the excitation plane to the
edge of the long patch is 50A », and both reference planes 1 and
2 are 10A = away from the edges of the patch. The strip widths
of ports 1 and 2 are assumed as 6Az. Along the z-direction,
ABC (29) of the second order is used, in which vy = vo/v/1.7
and vo = wp/+/2.2. Along z- and y-directions, ABC (29) of
the first order is used, in which v = v9/+/1.89/ cos§ and 6 is
30° and 0°, corresponding to x- and y-directions, respectively.
The scattering parameters are shown in Fig. 6. They arein good
agreement with the reported and experimental results.

A microstrip bandpass filter is shown in Fig. 7 and the com-
puted scattering parameters are shown in Fig. 8 with ABC (29).
Along the z-direction, ABC (29) of the second order is used,
in which v; = wo/v6.6 and v; = v/v/9.5. Along the z-
and y-directions, ABC (29) of the first order is used, in which
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Fig. 6. Scattering parameters of the low-pass filter.
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Fig. 7. Configuration of a microstrip bandpass filter.

v = vp/v/6.85/ cos§ and 6 is 30° and 0°, corresponding to the
x- and y-directions, respectively. The results are in agreement
with the results reported in [11]. For thisfilter, a uniform mesh
space Az = Ay = Az = 0.318 mm is used.

C. Patch Antenna

A microstrip patch antenna printed on a Duroid (e, = 2.2)
dielectric substrate is shown in Fig. 9. The mesh spaces used
hereare Ax = 0.389 mm, Ay = 0.265 mm, and Az = 0.4 mm,
and the total number of nodes is 74 x 16 x 140. Along the
z-direction, ABCs (8) or (29) of the second order are used, in

0-40-0 0-0-0 0-0-g ©-0-0-0-0 0-0-0-0 ©-0-0-0-0-0 O
Y / 4

Xy =P
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Frequency(GHz)

Fig. 8. Scattering parameters of the bandpass filter.
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Fig. 9. Return-loss of a microstrip patch antenna.

which v; = vo/y/1.8 and vy = vo/+/2.2. Along the z- and
y-directions, ABC (8) or (29) of thefirst order areused, inwhich
v = vo/v1.88/ cos 8, where 6 = 30° or 0°, corresponding to
the z- or ¢-direction, respectively. For o« = 3 = 0.25, thereturn
loss corresponding to ABC (8) and ABC (29) isshownin Fig. 9,
which isin good agreement with [12].

D. Scattering Problem

Fig. 10 illustrates the geometry of a cube scattering problem.
The electrical size of the cube is assumed to be k¢s = 2, where
s is the side width of the cube. The Gauss pulse excitation is
supposed as

E' =exp [— (t—to—(z— zo)/v)Q/TQ}

and propagates aong the y-direction. For the FDTD analysis,
the cubeis embedded in a50 x 50 x 50 spatial cell lattice, and
each side of the cube is spanned by 400 square cells (20 x 20).

Fig. 11 shows the comparison of the magnitude and phase
of the current along the path ab’/c’d with 8 = 0° and different
parameters o, 3 in ABC (8) of thefirst order. In Fig. 11(a), the
current magnitude with « = —1, 5 = —1 in ABC (8) of the
first order agrees with the method of moments (MoM) solution
better than other parameters. As « + /s increases, the current
magnitude error with ABC (8) of the first order also increases.
In Fig. 11(b), however, the current phasewith« = 0, 3 =1 in

(70)
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Fig. 11. Current magnitude and phase with different parameters.

ABC (8) of the first order agrees with the MoM solution better
than with other parameters. As «+ 3s decreases, the phase error
of the current with ABC (8) of the first order increases. In most
cases, therefore, the suitable parameters «v, 8 with ABC (8) of
thefirst order should bechosenin —1 — s < a+ Bs < s.

Fig. 12 shows the magnitude and phase of the current with
different angles ¢ in ABC (8) of the first order, where v =
vp/ cos(#) and the angleisthe samefor all the absorbing bound-
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Fig. 12. Current magnitude and phase with different anglesin ABC (8) of the
first order.

aries. In Fig. 12(a), the current magnitude for # = 30° agrees
with the MoM solution better than the others along a¥’. The cur-
rent magnitudefor 8 = 60° agreeswiththe MoM solution better
than the others along /¢, and the current magnitude for 6 = 0°
agreeswith the MoM solution better than the othersalong ¢/d. In
Fig. 12(b), however, the current phase for 8 = 30° agrees with
the MoM solution better than the othersalong a#’ ¢/, and the cur-
rent phase for # = 0° agreeswith the MoM solution better than
the others along ¢’d. Therefore, it is difficult to choose a perfect
angle with respect to such scattering problems if we use ABC
(8) of thefirst order. Normally, we may choose an angle between
15°-45°.

Fig. 13 showsthe current magnitudewith ABC (8) of thefirst,
second, and third orders, respectively, where « = 3 = 0. The
anglewith ABC (8) of thefirst order in all directionsis0°. Two
groups of ABCs of the second order are considered. The angles
of the first group are 0° and 15° in all directions, and those of
the second group are 0° and 15° in the z-direction and 30° and
45° in z- and y-directions, respectively. The anglesin ABC (8)
of the third order are 0°, 15°, and 30°. In Fig. 13, the current
magnitude obtained by ABC (8) of the second order agreeswith
that by ABC (8) of the third order. Obviously, the results with
ABC (8) of the first order are worse than those of the second
and third orders. Normally, in scattering problems, ABC (8) of
the second order is suitable.
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Fig. 14. Current magnitude and phase with different ABCs (8) and (29) of
different orders.

Fig. 14illustratesthe current magnitude and phasewith ABCs
(8) and (29), where « = 1 and 3 = 0. Asshown in Fig. 14(a),
the current magnitude obtained by using ABC (29) of the second
order isbetter than that obtained by using ABC (8) of the second
order by approximately 1%. The phase obtained by using ABC
(29) of the second order is better than those by using ABC (8)
of the second order by 5%~10% [see Fig. 14(b)]. Usualy, this
difference between ABC (8) and ABC (29) is not very obvious

in scattering problems, but ABC (29) needs more memory. For
scattering problems, therefore, ABC (8) is more usable than
ABC (29).

With the same parameters «, 4 and the angle 8, the conclu-
sions resulting from ABC (8) are also valid for ABC (29).

In this section, Z-ABCs have been used to analyze the
microstrip line, filter, patch antenna, and scattering problems.
From these results, we find that a better result can be obtained
by using Z-ABCs of the second order in al kinds of prob-
lems. In order to get good results, the stability condition of
(57) must be satisfied. According to our experience, when
0 < «, B < 1/2, better results can be obtained. Considering
the computer memory and calculated time, for propagate
problems, Z-ABCs (29) is the optimal choice, and Z-ABCs
(8) is a better choice for scattering problems. In order to get
better results, in propagate problems, different pre-estimated
ger Can be chosen by a quasi-static expression in the range of
the working frequency. According to our experience, . can
be chosen between the average of all dielectric constants and
the maximum value of al dielectric constants; in scattering
problems, in every direction, different angles ¢ can be chosen
between the minimum incident angle and the maximum inci-
dent angle, where the incident angle isthe angle from the center
point of the incident face in that direction to the scattering
object. If we do not consider the affection of corners and edges,
the Z-ABCs of the third and higher orders will have bigger
reflections than those of the second order.

VIIlI. CONCLUSIONS

In this paper, two groups of generalized ABCs are derived in
the Z-transform domain, and their stability and numerical dis-
persive characteristics are discussed. Compared with many ex-
isting outgoing wave's ABCs, such as DBC, the coefficient of
higher order Z-ABCs can bemore easily obtained by recurrence
formulas. Z-ABCs of the second order only need two-thirds
of the meshes of Z-ABCs of the first order. Since both tan-
gential electric fields and normal magnetic field are absorbed
by Z-ABCsin our method, the affection of corners and edges
isignored. This is the main reason why Z-ABCs of the third
and higher orders have bigger reflections than Z-ABCs of the
second order. By choosing 0 < «, # < 1/2 and other suit-
able parameters, Z-ABCs can always get stable and good re-
sults. Compared with the PML condition, although they need
more meshes away from discontinuous points, Z-ABCs do not
need many absorbing layers and do not need to divide field el-
ements and cal culate complex Maxwell equations. Importantly,
the traditional PML can only absorb dielectric radiation and
has much difficulty in dealing with conducting structures. How-
ever, Z-ABCs can deal with any electromagnetic structures.
Of course, Z-ABCs have some limitations in connection with
high-order FDTD methods.
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